Properties of Coordinate Systems

Cartesian Coordinates

Variable Limits:

]

—00 < X < ©
-0 < y< o

—0<Zz<®

Position vector:
r=xX+yy+z2

For Two Neighboring Points P and P”:

—

Displacement between two neighboring points:
ds=dr =dxX+dyy+dzz

Distance between two neighboring points (Found using the Pythagorean Theorem):
ds =|dr| = y/dx? + dy? + dz?




Primary Curve - the curve obtained when one coordinate variable is allowed to vary while
the other two are held fixed.

Primary Length Element - infinitesimal length along the primary curve

Primary Surface - the surface obtained when the coordinate determining the primary
length element is held fixed and the other two are allowed to vary.

Primary Element Primary Curve Primary Surface Primary Volume
Ist: x Straight Line (x-axis) yz-plane
(y and z fixed, x varies) (x fixed , y and z varies)
2y Straight Line (y-axis) xz-plane )
(x and z fixed, y varies) (y fixed , x and z varies) Solid Cube
3d: z Straight Line (z-axis) xy-plane
(x and y fixed, z varies) (z fixed , x and y varies)
Primary Length Elements (d/) Primary Area Elements (dA4) Primary Volume Elements (dV")
1= dx (X) dydz (X)
24 dy (V) dxdz (Y) dx dy dz
34 dz (2) dxdy (2)

Primary length element vectors are in the direction of their corresponding primary curve.

Primary area element vectors are in the same direction as the primary length element vector
(f.e. L to their corresponding primary surface).

Primary volume elements are scalars not vectors and do not have an associated direction.




Coordinate Conversions

Spherical = Cartesian

X=rsingdcos¢e
y=rsingsing
Z=rcosé

Cylindrical - Cartesian

X = pCoSQ

y=psing

z z

cart — cyl

Unit Vector Conversions

Spherical = Cartesian

i
0

=sin@cospX +sindsinpy +cosHz
COSHCOSPX + CoSAsinpy —sinfz

@ =—SiN@X +CoSQy

Cylindrical - Cartesian

<S> =

A~

=7

N>

cyl

Cart

COS@X +Singy
=—SiNQX + COSQY

Special Functions Involving the Del Operator (V)

Note: f could also be a vector function F

Gradient: ?f:fca—f+ya—f+28_f
ox oy 0z
- OF,
Divergence: V:-F = oF, +—L+ OF,
ox Oy 0z
X y z
S oF oF
Curl: V><F=i 2 i= 6}2_ L §<+(8Ef—a}2)y+ ”'—Ei
ox 0Oy 0z oy Oz 0z Ox ox Oy
2 2 2
Laplacian:  V’f= 0 1:+ 0 I:+ 0 5
ox 0y 0z



Cylindrical Coordinates

Variable Limits:

0<p<o
P 0<¢<27m
-0 < Z<
reference Z
line
e ) —
o
X

Position vector:
r=pp+2z or I=pCcoSpX+psingy+z2

For Two Neighboring Points P and P’:

Displacement between two neighboring points:
ds=dr=dpp+pdep@+dzz

Distance between two neighboring points (Found using the Pythagorean Theorem):
ds = |dr| = /d p? + pd g + dz?




Primary Curve

1=: Rays L to the z-axis
(¢ and z fixed, p varies)

21d : Circle centered on the z-axis

(p and z fixed, @ varies)

3t : Straight line (z-axis)
(p and ¢ fixed, z varies)

Primary Surface Primary Volume

Cylinder centered on the z-axis
(p fixed , @ and z varies)

Half-plane from z-axis
(¢ fixed , p and z varies)

Solid Cylinder

Plane 1 to the z-axis
(z fixed , p and ¢ varies)

Primary Length Elements (d/)

Primary Area Elements (dA )

1= dp (p) pdpdz (p) (teal surface)
22 pdp (@) dp dz (@) (purple surface) p dp dp dz
34 dz (2) pdpdp (z) ( )

Coordinate Conversions Unit Vector Conversions

Cartesian > Cylindrical

p=yx"+y’

tanp=2 D> o= tan‘l(lj
X X

chl = ZCart

Spherical = Cylindrical

p=rsing
q)cyl :¢sph
Z=rcoséd

Cartesian > Cylindrical

x>
Il

cospp—sing@
Yy =singp+cosp@
4

N>
Il

Spherical = Cylindrical

sindp+cosfz

r
0=cosfp—sinhz

(psph = (Pcyl

Primary Volume Elements (dV)




Special Functions Involving the Del Operator (V)

. Of A[1jaf . Of
P

Gradient: Vi=p—+¢ —+z—
op op 0z

= OF
Divergence: V- F = 1 i(ﬂ@,)"‘ 1)%, , oF
p)op p)Oop Oz

_ oF oF oF
Curl: VxF = 1198 _ 2% p+ » _OF ¢ + 1 i(pF)— Py
p)op Oz 0z Op pllopr 7 op

2 2
Laplacian:  V’f = 119 pa—f + Lz 8154_8_1:
p)op\" Op p )O0p~ Oz




Spherical Coordinates

| RS

X Variable Limits:

\ 0<r<ow

0<o<Z

polar axis

0<¢g<27

reference
line

Position vector:
r=rf or  r=rsin@cospX+rsingdsingy+rcosfz

For Two Neighboring Points P and P’:

o
.

e

.

Displacement between two neighboring points:
ds=dr=drf+rd00+rsinddepd

Distance between two neighboring points (Found using the Pythagorean Theorem):
ds =|dr| = /dr? + r2d6” + rsin? 9d ¢’




Primary Element  Primary Curve Primary Surface Primary Volume

I=: r Rays from the origin Sphere
(0 and ¢ fixed, r varies) (r fixed , 0 and ¢ varies)
22d: 0 Half circle Cone of half angle 0 '
(r and ¢ fixed, 0 varies) (0 fixed , r and ¢ varies) Solid Sphere
3d: o Circle centered on polar axis Half-plane from z-axis
(r and O fixed, ¢ varies) (o fixed , r and O varies)
1 dr () r2sin@dfde () (teal)
22 rdo (6) rsinf dr dp (6) (vink) r?sinf dr d6 do
34 rsinfdp () rdrdf (@) (purple)

Note: The rsin6 term is the distance from the polar axis to the projection of point P into
the xy-plane.



Coordinate Conversions

Cartesian > Spherical

r={x’+y*+2°
2 2

X +y
z

tand =

z

or cosf= -

\/x2+y2+z

|<

tan ¢ =
14 X

Cylindrical = Spherical

tan@ = P
z
or cos@ =
p2 172
gpsph = gpcyl
Unit Vector Conversions

Cartesian > Spherical

@ =tan"| 1 —— X+ yzj

) z
6 =cos ™
\/x2+y2+22

6=tan™ (ﬁj
z

O=cost| ——L
/pz 4 72

>

X=sin@coser + cos@cowﬁ—sin X0

§ =sin@sin o + cos@sin 90 + cosp§
4

—CcosOF —singo

Cylindrical = Spherical
p=sinOF +cos00
(’|\)cyl = (’I\)sph
5 =CcosOF —sindo



Special Functions Involving the Del Operator (V)

Gradient: §f=f’a—f+(§(lja—f+(f)( L ja—f
or r)oe rsin@ ) op

_ OF,
Divergence: V:-F = (%ji(r2ﬂ)+( 1 ji(sine Eg)+( 1 )—"’
r°)or rsin@ )06 rsin@ ) og

et 2] ) e

Laplacian: Vf = (%)i(ﬁ gj + ( . 1 ]i(sinﬁgj n (%)
r°)or or r°sin@ ) ool o0 r'sin” 0
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